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Abstract

This study addresses the limited use of the South Sumatera Songket motifs for supporting students’ proving
process in the learning of reflection material. It aims to determine the role of South Sumatera Songket Motifs in
students’ proving process in reflection learning. The study employed a validation approach within the Design
Research framework, involving 30 students from one public junior high school in Palembang. The validation
study comprised three stages: preparing for the experiment, the design experiment (including a preliminary
teaching experiment and a teaching experiment), and retrospective analysis. Activities in the experiment included:
1) introducing the Songket motifs and having students identify lines of symmetry, 2) guiding students to reflect
on the motifs using various axes, 3) engaging students in proving the congruence properties of the reflected motif,
and 4) conducting group discussions to refine their reasoning and articulation of geometric concepts. The activities
were designed using indicators adapted from Habermas® Construct of Rationality to support the proving process
in reflection material. The results from the learning experiment indicate that the provided questions support
students’ proving process, guiding them from visual recognition to mathematical reasoning through structured
activities.
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INTRODUCTION

Geometric transformations are a fundamental concept in mathematics, involving one-to-one and
mapping of points on a plane through motions such as reflection, translation, rotation, and dilation (P
& P, 2022). These transformations play a pivotal role in mathematics education across all levels, from
primary to university, by bridging geometric principles like similarity and congruence with broader
mathematical domains such as algebra, patterns, and reasoning (Akarsu & iler, 2024).

Engaging with transformations fosters critical thinking as students develop justifications and
proofs, which are essential for mathematical reasoning (Knuchel, 2004). Hollebrands (2003)
emphasized that geometric transformations should be included in the high school curriculum for three
key reasons: they provide students with opportunities to think in new ways about critical mathematical
concepts (e.g., functions whose domain and range are R2), they offer a context for understanding
mathematics as an interconnected discipline, and they engage students in higher-level reasoning
activities using a variety of representations. Guven (2012) further highlighted that geometric
transformations encourage students to explore geometric ideas through an informal and intuitive
approach, fostering conjecturing, sensitivity, and inquisitiveness. It can lead students to explore abstract
mathematical concepts such as congruence, symmetry, similarity, and parallelism, thereby enriching

their geometrical experience, thought, and imagination while enhancing their spatial abilities.
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Reflection, as the initial congruence transformation taught in primary school, is one of the most
essential geometry concepts that children should acquire in their mathematics education at the primary
level (Gotz & Gasteiger, 2022). Reflection is often described as mapping points in a plane to their mirror
image, producing a symmetric figure (Andriyani et al., 2023). Reflection can occur concerning a line
(in 2D space), a plane (in 3D space), or even a specific point, depending on the dimension and context
(Nurhikmayati et al., 2022). Many traditional and contemporary artworks utilize reflection to create
symmetry, patterns, and stunning visual effects (Velichova, 2020). Reflection can be applied across
various media, from painting and installation to digital and 3D art, such as scratch-based reflection art
that produces different visual effects from various perspectives (Shen et al., 2023). Studying reflection
contributes to a deeper understanding of fundamental structures and principles in art and design,
including proportion, symmetry, and order (Gotz & Gasteiger, 2022).

Students' struggles in solving reflection problems are widely recognized (Yurmalia & Herman,
2021). Students often confuse similarity with congruence, mistakenly viewing reflection as a scaling
transformation rather than a congruence-preserving transformation (Haj-Yahya, 2021a). This
misunderstanding leads to misconceptions about the preservation of angles and distances during the
reflection process, further complicating their ability to understand geometric properties. Furthermore,
students struggle to identify the axis of symmetry, particularly in complex figures, and fail to recognize
the connection between the symmetry axes in regular polygons and their corresponding sides or
diagonals (Aktas & Unlii, 2017).

In the proving process, such difficulties manifest in their inability to articulate the invariance
properties of reflection, such as equal distances from the pre-image and image to the axis of reflection
within a logical framework. Studies have demonstrated that students often draw the reflected image
parallel to the original object or mistakenly perform translation instead of reflection (G6tz & Gasteiger,
2018). These errors hinder students’ ability to engage in the proving process, as they fail to correctly
demonstrate the geometric properties of reflection, such as maintaining the distance and orientation
between points across the mirror line (Baroa, 2025).

Students also struggle with translating the abstract concept of reflection into practical
applications, such as solving real-world mathematical problems, due to a lack of deep conceptual
understanding and an overreliance on rote memorization of procedures (Aras et al., 2023). One
contributing factor is that instruction tends to be mechanistic, emphasizing conceptual exploration
insufficiently. As a result, students often memorize steps without understanding the underlying
principles of geometric transformations, which hinders their ability to engage in the proving process or
make meaningful connections between theory and application (Kim & Shin, 2023). Additionally,
learning materials and teaching approaches often prioritize procedural knowledge over conceptual
reasoning, exacerbating this issue (Nurhikmayati et al., 2022).

Additionally, many students experience difficulties visualizing and defining reflection

transformations accurately, which hinders their ability to construct and verify proofs of geometric
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properties (Noto et al., 2019; Indahwati, 2023). Their struggles are often linked to ontogenic obstacles,
such as developmental challenges in spatial reasoning; epistemological obstacles, such as
misconceptions about the nature of reflection; and didactical obstacles, including teaching methods that
inadequately address the conceptual foundations of transformations. Addressing these challenges
through improved learning designs that integrate contextual problem-solving tasks and conceptually
oriented teaching can help students overcome these obstacles and enhance their proving skills in
reflection transformations (Pauji et al., 2023).

In response to the challenges students face in supporting the proving process in reflection
material, this study draws on Habermas’ Construct of Rationality, which conceptualizes the process of
mathematical proof through three types of Rationality: Epistemic, Teleological, and Communicative
Rationality (Buscher, 2024). In mathematics education research, Habermas' work has already been
integrated into the content of mathematical proof and argumentation (Zhuang & Conner, 2022).

By integrating these types of Rationality into the design of learning activities, the study aims to
move students from intuitive visual perception to analytical reasoning grounded in geometric principles.
Epistemic Rationality allows students to develop foundational knowledge of geometric transformations.
Teleological Rationality focuses on the purposeful learning of geometric properties, and
Communicative Rationality emphasizes the importance of articulation and peer collaboration in refining
mathematical reasoning. This theoretical framework aligns with the research goal of supporting
students’ ability to prove geometric concepts by fostering both individual and collaborative reasoning
processes, which enhances the conceptual depth of reflection transformations.

To address the challenges students face in understanding and proving reflection transformations,
it is essential to shift their focus from intuitive visual perception to analytical reasoning grounded in the
defining properties of geometric transformations (Haj-Yahya, 2021b). A practical approach to
achieving this shift involves integrating culturally relevant materials, such as the traditional South
Sumatera Songket motifs, into the learning process. These motifs enable students to apply epistemic
and teleological Rationality to their reasoning while simultaneously engaging in communicative
Rationality through collaborative discussions.

The South Sumatera Songket motifs, characterized by their repetitive and symmetrical patterns,
provide a meaningful context for exploring geometric transformations, such as reflection (Sari et al.,
2024). By analyzing these patterns, students can deconstruct and reconstruct geometric properties,
which allows them to identify symmetry axes, construct auxiliary lines, and understand the relationships
between geometric figures, critical skills for constructing proofs (Sari et al., 2024).

This approach aligns well with the Indonesian Realistic Mathematics Education, which
emphasizes the importance of connecting mathematics to students’ lived experiences, including cultural
artifacts, to enhance conceptual understanding and reasoning (Nurazizah & Zulkardi, 2022).
Incorporating Songket motifs in this context bridges abstract mathematical concepts with familiar

patterns, creating a visually stimulating and culturally relevant learning framework. This method helps



346 Mathematics Education Journal, Volume 19, No. 2, April 2025, pp. 343-364

students transition from rote memorization of procedures to deeper conceptual engagement, thereby
reducing misconceptions about reflection as a transformation that preserves distance and orientation.
This study uniquely introduces traditional cultural artifacts, specifically South Sumatera Songket
motifs, as a tool for exploring geometric transformations. These motifs, characterized by their repetitive
and symmetrical patterns, provide a concrete and culturally engaging context, enabling students to
connect abstract geometric properties with real-world patterns. By incorporating these motifs into the
learning process, students can bridge the gap between intuition and formal reasoning, enhancing their
understanding of geometric reflections and other transformations. This study addresses the challenges
students face in proving geometric properties by offering a meaningful and contextually relevant

framework for learning.

METHODS

Research Procedure

This study employed a validation study design within the Design Research framework, consisting
of three primary stages: Preliminary Design, Design Experiment, and Retrospective Analysis (Bakker,
2018). In the preliminary design, the researcher developed a Hypothetical Learning Trajectory (HLT)
that outlined the learning activities and anticipated student responses (Putri et al., 2021). The activities
were designed to support students’ proving process in reflection learning using South Sumatera Songket
motifs as the context. The HLT was dynamic and adjusted based on insights gained from Cycle 1 of the
pilot experiment. At this stage, learning tools such as lesson plans, worksheets, and ICT media were
developed and validated by experts before proceeding to the next phase.

In the design experiment, a pilot experiment was conducted with a small group of students (6
students) to test the activities and observe how well they supported the proving process. Based on the
feedback, adjustments were made, and the HLT was refined. After the pilot experiment, a classroom
experiment was conducted with a larger group of students (24 students), where the revised HLT was
implemented. Discussions between the researcher and teacher took place before and after each activity
to assess students’ progress and make adjustments as necessary. Following the design experiment in
each cycle, data were analyzed to evaluate the effectiveness of the learning trajectory. Based on this
analysis, the HLT was refined and tested again in subsequent cycles. The data from observations,
interviews, and student worksheets were carefully reviewed to assess how well the learning activities

supported the proving process.

Participants and Data Sources

The participants in this study were junior high school students, approximately 14 years old and in

the 9th grade, from one public junior high school in Palembang, Indonesia. A total of 30 students
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participated, with six students involved in Cycle 1 (pilot experiment) and 24 students in Cycle 2
(classroom experiment). The research data were collected using included validation sheets, which were
used to gather feedback on the learning tools and activities from experts. Additionally, interviews were
conducted with students to gain insights into their understanding and the challenges they faced in
learning reflection. Classroom observations were also carried out to document student engagement,
behaviors, and interactions during the activities. Lastly, student activity sheets, which contained
students’ work on the reflection tasks, were analyzed to evaluate their understanding of the proving

process and the effectiveness of the designed learning activities.

RESULTS AND DISCUSSION

Preliminary Stage

In this study, the HL T was designed to support students through the process of proving geometric
reflections. The trajectory was structured around three key stages of Habermas’ Construct of
Rationality: Epistemic Rationality, Teleological Rationality, and Communicative Rationality. Each
stage aimed at fostering students’ understanding of reflection and their ability to justify geometric

transformations.

Epistemic Rationality (Mathematical Knowledge Development)

In the first stage, students were introduced to the Ghumah Bhagi Songket motif and tasked with
identifying symmetry within the motif. The goal was for students to recognize mirrored parts of the
motif and hypothesize where the lines of reflection might be. This task was designed to prompt students
to connect their visual observations to the abstract concept of reflection. As students examined the motif,
they began to understand how symmetry in the design reflects the properties of geometric
transformations. This phase helped students develop the foundational knowledge required for

performing reflections and understanding their geometrical properties.

Teleological Rationality (Purposeful Learning Activities)

The next phase of the HLT focused on purposeful learning activities. Students were asked to
draw reflection lines that divide the Songket motif into two identical parts and test their hypotheses
about symmetry. They were encouraged to perform actual reflections across different axes (e.g.,
vertical, horizontal, and coordinate axes). Through these tasks, students explored the purpose of
geometric reflection, validating the properties of congruence and understanding that reflections preserve
shape and size. This stage was crucial for developing both geometric and algebraic reasoning as students
began to engage with the mathematical properties of reflections and verified them through physical

activities.
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Communicative Rationality (Collaboration and Dialogue)

The final stage of the HLT emphasized collaborative learning. As students worked on their
reflections, they were asked to justify their reasoning, both verbally and in writing. They used
coordinate grids to record the positions of points before and after the reflection, showing how the points
were symmetrically distributed across the line of reflection. This activity encouraged communicative
rationality as students articulated their mathematical reasoning and communicated their understanding
of geometric reflections. By explaining why specific lines served as reflection axes and discussing the

properties of the reflected motif, students were able to deepen their understanding of proof construction.

Hypothetical Learning Trajectory (HLT)

In developing the HLT for teaching reflection transformations, it is crucial to structure a learning
path that supports students in proving the geometric principles of reflection. This trajectory aims to
guide students through the process of justifying and proving the properties of reflections, such as
congruence preservation and symmetry. By using the Songket motifs, a culturally rich and visually
stimulating context, students are encouraged to apply abstract mathematical concepts to real-world
artifacts while working through the proving process.

The focus of this approach is to engage students in active reasoning, where they identify reflection
properties, perform mathematical calculations, and justify their findings through collaborative
discourse. The HLT is based on Habermas’ Construct of Rationality, which guides students through
three phases: Epistemic Rationality, Teleological Rationality, and Communicative Rationality. Each
phase enables students to test their hypotheses, justify their reflections, and communicate their
reasoning, ultimately leading to formal mathematical proofs of reflection properties. The detailed HLT
that outlines how students will engage with the reflection material and support the proving process in

reflection transformations is presented in the following Table 1.

Table 1. The HLT

Aims Activity Conjecture of Students' Thinking
Recognize Introduce the Ghumah Bhagi motif Students will identify symmetric parts
symmetry and and have students identify lines of of the motif and hypothesize where the
understand symmetry, such as vertical, horizontal, lines of reflection (axes of symmetry)
reflection and diagonal lines (e.g.,y = x, might be located.

Perform reflection
over multiple axes

Verify reflection
properties  using
coordinate grids

y = —x).
Reflect the motif over the X-axis, Y-
axis, and lines like y = x,

y = —x,x = hyandy = 2.

Students perform reflections on
coordinate grids, first reflecting over
x =0 and y = 0, then

Students will explore how reflections
occur over different axes and
recognize that each axis reflects the
motif in a unique way.

Students will calculate the coordinates
of reflected points and verify that the
reflected points maintain symmetry
and congruence.
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Aims

Activity

349

Conjecture of Students' Thinking

Justify reflection

experimenting with more complex
lineslikey = 2,x = =3.
Have students explain why lines like

Students will justify their reasoning,

axes based on y = 2,x = —3, and others act as discussing how these axes divide the
geometric valid axes of reflection based on their motif into congruent parts and why
principles observations and calculations. they preserve symmetry.

Prove reflection After reflecting, students will prove Students will prove that the distance
properties and that the reflected points are equidistant from each point to the line of reflection
congruence from the axis, reinforcing the is the same for the reflected point,

congruence of the reflected motif.

thereby establishing the congruence of

the reflected figure.

Design Experiment
Pilot Experiment

The design experiment was structured in two cycles: Cycle 1 (Pilot Experiment) and Cycle 2
(Classroom Experiment). In Cycle 1, a small group of students tested the activities developed in the
Hypothetical Learning Trajectory (HLT), providing an opportunity for researchers to assess how
students engaged with the tasks and whether these activities facilitated their proving process. The
insights gained from this phase highlighted several challenges students encountered and prompted
refinements to the learning trajectory.

Not only did the students’ responses during the pilot experiment reveal their initial understanding
of reflection and symmetry, they also exposed a significant gap in the students’ ability to articulate the
underlying mathematical properties of reflection, especially in the context of the proving process. While
students successfully identified symmetrical patterns within the Songket motif, their explanations
lacked mathematical rigor and depth. For instance, although they recognized parts of the motif as
“shadows” or “reflections,” they did not address the geometric properties that define this symmetry,
such as the equidistant relationship from the line of reflection or the preservation of congruence (see
Figure 1).

These findings align with existing literature, which suggests that students frequently struggle to
connect visual perception with formal mathematical reasoning, particularly when asked to prove
geometric properties (Sari et al., 2024). The design of the HLT in this study was specifically aimed at
bridging this gap by guiding students from intuitive visual recognition to more formal mathematical
justification, thereby supporting their ability to prove reflection transformations. The pilot experiment
emphasized the need to refine the HLT further, incorporating more hands-on activities and targeted
prompts to help students establish formal connections between visual patterns and geometric principles.
This iterative approach is crucial for fostering both epistemic and communicative rationality, enabling
students to transition from informal understanding to structured, formal reasoning and, ultimately, the

construction of rigorous mathematical proofs in geometry.
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1. Menurut kalian, apakah ada bagian pada motif ini yang tampak seperti "bayangan” atau
“pantulan” dari bagian lainnya? Jelaskan bagian mana yang tampak seperti itu dan mengapa.
O g0 AL G127\ et In your opinion, are there any parts of this motif

e S o that look like a “shadow” or “reflection” of others
i e parts? Explain which parts look like that and why.

English version:

Answer:
Yes, upper house and lower

English version:

~

. Perhatikan ilustrasi sederhana motif ghumah bhagi pada bidang koordinat kartesius berikut !

Observe the simple illustration of the ghumah

a. " Gambarlah garis agar motif ini terbagl menjadi dua baglan yang sama persis!

. baghi motif on the Cartesian coordinate plane
below!

RS A a) Draw a line so that this motif is divided into

M *'f_ i two exactly identical parts!

A% i Ly b) If you find that the line drew divides the motif
IR ) into two identical parts, can that line be called

2 ’ a line of reflection? Why?
b Jika kaltan menemukan h:;hwa gars yang kallan gambar membagi motif menjadi dua bagian Answer:
yang identik, apakah garis tersebut dapat disebut sebagai garis refleksi? Mengapa? Yes, yOU can.

" ¢) Do the shape and size of the motif remain the
same after being reflected across the line of
reflection you identified? What remains the
Apakah bentuk dan kuran mot tetap sama setelah ipantulkan melalul gas reflesyang same, and what is different after the
Kalian identifikasi? Apa yang tetap sama, dan apa yang berbeda setelah refleksi? A

reflection?
Answer:
The shape and size are remains the same.
Nothing changed

o

0
AIME 1

§ 7Vﬂ

Figure 1. Student’s answer on pilot experiment

Teaching Experiment

Figure 2. Teaching experiment classroom situation

The revised HLT was then implemented in Cycle 2, which involved a class of students (Figure
2). Before each activity, the researcher and teacher collaborated to review the goals and expectations
for the upcoming tasks. After each activity, they reflected on the outcomes, which provided

opportunities for immediate adjustments. Observational data, student interviews, and activity
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worksheets were collected throughout Cycle 2, and the results were analyzed to determine how
effectively the learning trajectory supported students’ understanding and proving process in reflection

learning

REFLECTION WORKSHEET

Answer the following questions!

Activity I
Observe the Ghumah Bhagi songket motif below.

The Ghumah Bhagi motif is a songket motif from Musi Rawas Regency inspired by the
traditional house of the Besemah tribe called "Ghumah Baghi" or "Rumah Baghi". The word
"Ghumah" means house, and "Baghi" (pronounced "bari") means old. The name "Ghumah
Baghi" means an old house which is a heritage and a sacred place that connects the Besemah
community with their ancestors. The traditional Besemah house not only functions as a
residence but also symbolizes social status and sacred values. The Ghumah Bhagi motif on the
songket beautifully illustrates the spiritand cultural values of this traditional house within their
community. Interestingly, the artisans use geometric concepts in making songket and
ceremonial fabrics. The trapezoidal shape, or a quadrilateral with one pair of parallel sides, is
used to symbolize the roof or walls of these historical houses. Rectangles, representing doors,
windows, or building elements of these houses, teach students about parallel lines and right
angles. To maintain balance, each side must reflect its counterpart across an axis (line
symmetry) or a central point (rotational symmetry). Students learn to perform reflections by
matching points on opposite sides at equal distances from the axis. When repeating this pattern
on fabric, translational transformation moves each part by the same distance in the same
direction without rotation or reflection, like "sliding" it. Figure 4 illustrates the artistic
illustration of complex mathematical principles, demonstrating ethnomathematics.

1. Inyour opinion, are there any parts of this motif that look like a "shadow" or
"reflection” of other parts? Explain which parts look like that and why.
2. Observe the simple illustration of the ghumah bhagi motif on the Cartesian coordinate
plane below!
a) Draw a line so that this motif is divided into two exactly identical parts!

-
L S

b) Ifyou find that the line you drew divides the motif into two identical parts, can that
line be called a line of reflection? Why?

¢) Do theshape and size of the motif remain the same after being reflected across the
line of reflection you identified? What remains the same, and what is different after
the reflection?

d) List the pairs of corresponding points based on the line of reflection along with their
coordinates. Is the distance from each point to the line of reflection the same as the
distance of its corresponding point?

) Based on the activities you have carried out, how do you define reflection in
geometry? What makes reflection produce two identical parts, and how can the
distance and position of corresponding points prove this?

Figure 3. The activity |

Activity 1, as seen in Figure 3, introduced students to the proving process by incorporating the
Ghumah Bhagi songket motif, a traditional design from the Besemah ethnic group in South Sumatera,
as a culturally grounded visual stimulus. This motif embodies mathematical symmetry, particularly
reflection, which students are encouraged to explore. The activity began by prompting students to
observe and discuss the motif’s patterns and hypothesize where reflectional symmetry might occur. The
initial question, In your opinion, which part of the Ghumah Bhaghak motif represents reflection?”,
serves as a gateway to activate students’ perceptual awareness and cultural familiarity, engaging them
in epistemic rationality as they construct initial claims grounded in intuition and informal reasoning.
This was immediately followed by the prompt “Can you explain your reasoning? ”, which transitioned
students from recognition to articulation, encouraging them to verbalize the logical structure behind
their observation.

To support deeper exploration, a simplified version of the motif was presented within a Cartesian
coordinate system, allowing students to draw potential lines of reflection and examine the geometrical
relationships involved. When the students were asked whether the points on either side of the line of
reflection were congruent and equidistant from the line, the activity invoked formal geometric
reasoning. This task promotes epistemic rationality by inviting learners to construct knowledge claims
that are empirically observable and logically coherent. Furthermore, communicative rationality
becomes central as students engage in structured dialogue to justify their ideas, compare interpretations,

and co-construct shared meaning, transforming the act of proving into a dialogic process rather than a
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solitary demonstration. The discussion prompts served as discursive mechanisms through which

learners critically assessed one another's arguments, revising their positions based on reasoned

consensus.

Rather than viewing mathematical proof as a fixed, procedural outcome, this activity reframed it

as a social and cultural practice rooted in dialogue, shared artefacts, and mutual understanding. In doing

so, Activity | not only facilitated conceptual understanding of geometric reflection, but also cultivated

a reflective learning environment aligned with Habermas’ critical theory where epistemic and

communicative rationality intersect to support authentic, culturally responsive mathematical inquiry.

= - Rl

ol
)

Figure 4. Group discussion

Here is one session of the discussions in one group (Figure 4):

Student H

Student M

Student H

Student L

Student H

Student M

“Okay, so when I look at the motif, I see that there is a part on the left that looks like
it is the mirror image of the part on the right. The pattern on one side repeats exactly
on the other side, just flipped. I think we could draw a line right down the middle to
split it into two equal parts. This line would be the line of reflection because the
distance from each point to the line is the same on both sides.”

“Yeah, I see that! However, | am not sure why the pattern on the right looks exactly
like the one on the left. | thought maybe the pattern was stretched or scaled, but it
seems like it is just... flipped over. So, if we draw a line in the middle, we can see
both sides are the same size and shape, right?”

“Exactly! That is the key part of reflection. The shape and size do not change, only
the orientation. When something reflects, it just flips, but it stays congruent. The
same thing happens with the Songket motif. If we draw a line down the middle, the
left side of the pattern will reflect perfectly onto the right side.”

“Okay, but I am confused. I do not understand why it flips and still looks the same.
How do we know it is the same shape if it looks like it has changed direction? |
thought it might get bigger or smaller, but it stayed the same size. How does that
happen?”

“Great question, L! It does not get bigger or smaller. The key is that reflection
preserves the size and shape; the only thing that changes is the orientation. Think of
it like looking in a mirror. Your reflection in the mirror is the same size, but it is
flipped over, right?”

“Yeah, I get that now! So, the line we draw in the middle is like a mirror. It flips
everything exactly but keeps it the same size.”
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StudentH :  “Exactly, M! The line we draw is the axis of reflection. Each point on one side of the
line has a matching point on the other side, and they are equidistant from the line,
meaning they are the same distance apart. So, if you picked any point on the left, you

i3]

could find an exact matching point on the right side.

StudentL : “So, we just need to make sure we draw the line exactly in the middle and that the
pattern will be the same on both sides? No stretching or shrinking?”

StudentH : “Yes, exactly. The line should be exactly in the middle. That is what creates the
symmetry. When we reflect on the pattern, it is just like flipping it over like a piece
of paper.”

Student M :  “Got it! SO now we can try drawing the line and see if we can match the points. Let

us do that!”
Below are some of the students’ responses:

Jawablah pertanyaan berfkut ini! Eng“sh version:
1. Menurut kalian, apakah ada bagian pada motif ini yang tampak seperti “bayangan’ atau .. R R
"pantulan" dari bagian lainnya? Jelaskan bagian mana yang tampak seperti itu dan mengapa. 11In yOUr Oplnlon, are there any partS of this motif that

look like a “shadow” or “reflection” of others parts?

I ot i teihat bagayn o patidan el Explain which parts look like that and why.

Gambar rumgh pada terga Fain oGkt dan Answer:

* tuga oda Aumbuhan yang Saling N . i
i sisi bman Kiri Yga da Aimbuhan P Yes, the motif that looks like a shadow or reflection
berpantu(ar is the picture of the house in the center of the songket

cloth, and on the right and left sides there are also
plants that reflect each other.

2. Perhatikan ilustrasi sederhana motif ghumah bhagi pada bidang koordinat kartesius berikut ! Eng I i Sh Ve rSi On :

a. Gambarlah garls agar motif inf terbagi menjadi dua bagian yang sama persis!
W G

Observe the simple illustration of the ghumah baghi

motif on the Cartesian coordinate plane below!

a) Draw a line so that this motif is divided into two
exactly identical parts!

b Jika kalian menemukan bahwa garis yang kalian gambar membagi motif menjadi dua bagian Eng lish version:
yang identk, apakah garis tersebut dapat disebut sebaga garis refleksi? Mengapa?

b) If you find that the line drew divides the motif into

Up, i fefoebutt dapet disebut schagai faris two identical parts, can that line be called a line of
refelsl kaina 10 AHE podo tehs ot reflection? Why?
Finik  bayangan . Gars y menihagi 2 mohf Sama DRlar Answer:
Yes, the line can be called a reflection line because
. Apakah bentuk dan ukuran motif tetap sama setelah dipantulkan melalul garis refleksi yang each point on the motif has a shadow point. the line

kalian identifikasi? Apa yang tetap sama, dan apa yang berbeda setelah refleksi? .. .
i L L divides 2 motifs equally

Yo, bethyt dan dewran mef fetp sqma Sl

dipantylea Yang Derblde b orifbast Mot fig c) Do the shape and size of the motif remain the same
Yaig ety adalah keealkan dagj ski lannys after being reflected across the line of reflection you
identified? What remains the same, and what is
different after the reflection?

Answer:

Yes, the shape and size of the motif remains the
same after being reflected. what is different is the
orientation direction of the motif, one side is the
opposite of the other side.
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d. Daftarkan titik-titik yang saling berpasangan berdasarkan garis refleksinya beserta Eng lish version:
koordinatnya. Apakah jarak darf setfap titlk ke garls refleksf sama dengan farak titlk A A A A
pasangannya? d) List the pairs of corresponding points based on the
Garls 1ef ek verttkal (x=6) ar 1 Her 2ol (4= ) line of reflections along with their coordinates. Is
Hwd) s 60 L (uRAD (13) |HIA (B the distance from each point to the line of
(w5) b E () Ay 8B(BD 1628 Ev reflections the same as the distance of its
Y4, sama H int?
¢, Berdasarkan kvw:.m yang telah Kallan fakukan, bagalmana kallan mendefinistkan refleks! Correspond ! ng pO It
dalam geometri? Apa yang membuat refleks! menghasilkan dua baglan yang identik, dan Answer:
bagalmana jarak serta posis tiik-titlk berpasangan dapat membuktikannya? Vertical reflection line (X — 6)
Refleksi dalam geomedri adagl MMudahkan itk otay H(4, 7) & G(8, 7)
bangun Ménggunakan Sifat Pembentikan bdgam{an I(4,5) & F(8, 5
S \dﬂﬂ@ mambﬂtt* fepleks mllk}lsa&l n ' '
oleh Sebuah camin / L(4, 3) & D(8, 3)
2 bagan et adlah 9N gy befet A(4,1) &B(8, 1)
ko bisa Mimbukhan (Uaga gembar obitk df Horizontal reflection line (y = 4)
Kt diat leartesivs H&A  1&L

G&B E&D

e) Based on the activities you have carried out, how do
you define reflection in geometry?
Answer:
What makes reflection procedure two identical
parts, and how can the distance and position of
corresponding points prove this?
reflection in geometry is moving a point or shape
using the properties of the formation of shadows by
a mirror. what makes reflection produce 2 identical
parts is because of strict rules. we can prove by
drawing objects in cartesian coordinates.

Figure 5. Student’s answer on activity |

The students’ responses in Activity I, see Figure 5, demonstrate varying levels of engagement
with the learning design based on Habermas’ Construct of Rationality, particularly Epistemic
Rationality, Teleological Rationality, and Communicative Rationality. In response to Question 1,
students were tasked with identifying symmetrical parts of the Songket motif, and the majority were
able to apply Epistemic Rationality by recognizing reflection properties. They demonstrated an
understanding of reflection as a geometric transformation, which aligns with the design’s goal of
bridging visual recognition with formal mathematical concepts. In Question 2a, the Activity encouraged
students to translate their understanding into the Cartesian plane, where the reflection of the motif was
drawn. This task further supported Epistemic Rationality by requiring students to engage with
coordinate geometry, thus reinforcing their ability to apply abstract mathematical concepts. In Question
2b, students identified the reflection axis and justified its role in preserving symmetry, showing an
understanding of Teleological Rationality. The task allowed students to comprehend the purpose of the
transformation and its geometric implications, specifically that reflections preserve congruence and
orientation.

Question 2c involved listing pairs of reflected points, where students applied their understanding
of the equidistant property, demonstrating a clear grasp of Epistemic Rationality through calculations.

The design’s focus on the relationship between visual symmetry and formal calculations effectively
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guided students to see how reflections preserve geometric properties. In Question 2d, students
confirmed that the distance from points to the reflection axis is maintained, further reinforcing their
understanding of Epistemic Rationality and communicating the fundamental property of reflections.
Finally, in Question 2e, students generalized the concept of reflection, highlighting their ability to
reason abstractly and engage in Teleological Rationality as they connected the transformation to broader
geometric principles. Overall, the learning design successfully supported the students’ proving process
by integrating tasks that encouraged critical thinking and the development of formal mathematical
reasoning, providing opportunities for students to construct logical proofs, justify geometric
transformations, and communicate their understanding. This structured approach allowed students,
particularly those with higher ability, to demonstrate a comprehensive understanding of the reflection
transformation. In contrast, lower-ability students benefited from the scaffolding provided to facilitate
their understanding of geometric reasoning and communication.

Below is an enlarged illustration of the perelung songket motif! 3. Observe the Tolmwmg |mage'

(TR Mabf B Matif A K EM@II’ [} E

I EEREE] I

154504 06

Matif € . Mt [

||rc uulrn

1. Identify Reflection . ) .
% Describe the lransformarmn that changes the motif in quadrant B into the motif in

4 Observe motifs Aand C. Is there a line that could transform motif A into motif B and motif C
into motif D if reflected? Name that line and explain why. quadrant C.
% Determine the line that could transform motifs A and B into motifs C and D if reflected.
4. Why do you think reflection is important in creating Songket motifs?
2. Reflection Coordinate
5. Imagine you are a Songket designer. Sketch a Songket motif that uses reflection across :
% Choose one point on the motif in quadrant A and write down its coordinates.
% Determine the coordinates of that point after being reflected across the linex = 0.
% Determine the coordinates of that point after being reflected across the liney = 0.

vertical line. After you create your Songket motif, explain how you would prove that the
motif indeed uses reflection. What would you measure or ohserve to prove it?

Figure 6. Activity Il

Building on Activity I, Activity Il (Figure 6) further supported the proving process on students
by using a more formal mathematical approach with the Songket Perelung motif. In this task, the
students explored reflection transformations in the context of the Cartesian plane, enhancing their ability
to apply geometric principles systematically. This task began by introducing the Perelung motif, a
design known for its intricate geometric properties, and prompted students to identify potential lines of
reflection for the motif. In Question 1, students analyzed the symmetry of motifs A and C, identifying
reflection lines that transform motif A into motif B and motif C into motif D. This activity required
students to think critically about the geometric properties of symmetry and transformation. Here,
students engaged in Epistemic Rationality, where they developed the foundational knowledge necessary
to understand reflection as a transformation that preserves distance and orientation. As they analyzed
these transformations, they validated their hypotheses by performing actual reflections across axes, such
as vertical, horizontal, and coordinate axes, thereby deepening their understanding of Teleological
Rationality.
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Next, in Question 2, students used coordinate grids to represent the Songket Perelung motif and
perform reflections over the x = 0 and y = 0 axes. This step allowed students to apply reflection
transformations in a more formal context, reinforcing their understanding of how coordinates change
under reflection. In Question 3, students were encouraged to explain the purpose of reflecting the motif
along different axes and to justify why these transformations preserve the motif’s structure. This step
encouraged students to engage in both algebraic reasoning and mathematical justification, reinforcing
their understanding of the underlying principles.

In Question 4, students performed consecutive reflections, starting with reflecting the motif
across the line y = 2 and then performing a second reflection across the line x = —3. This allowed
students to explore the effects of multiple transformations and understand how reflections combine to
create new positions for points in the plane. They were asked to describe how each reflection changes
the position of points and the overall symmetry of the motif. This activity encouraged Teleological
Rationality, as students thought about how each transformation served a specific purpose in the design
process.

Finally, Question 5 asked students to reflect on the importance of reflection in the creation of
Songket motifs. The reflection is important in ensuring symmetry and harmony in the design as the
guestion encouraged students to discuss the cultural and mathematical significance of reflection,
encouraging deeper engagement with the material and linking it back to the Communicative Rationality
phase. Through group discussions, students justified the role of reflection in the motif’s design, thereby
enhancing their ability to communicate mathematical reasoning effectively. The student’s answer in

Activity Il can be seen in the following Figure 7.

e S English version:
Below is an enlarged illustration of the perelung songket motif!
w w 1. ldentify reflection:
SR +«+ Observe motifs A and C, is there a line that could
% % transform motif A into motif B and motif C into motif D
0 ’ if reflected? Name that line and explain why.

Answer:

Yes, there is, the y-axis line

Determine the line that could transform motifs A and B
into motifs C and D if reflected.

Yes, there is, namely the x-axis line

X3

%

Yam dn yar gons sumbu ¥

B ;(n(l”l;ﬂ;\“;‘.illj;;’t::(l;mkp.ul.x motif di kuadran A dan tuliskan koordinatnya, Eng I ISh VErS I on:
KD ’ 2. Identify reflection:
- +¢+ Choose one point on the motif in quadrant A and write
% Tentukan koordinat titik tersebut setelah direfleksikan pada garis x = 0 I . .
o1, 4) [ D down |t§ coordinates. _ _ .
<0 +«» Determine the coordinates of that point after being
 Tentukan koordinatttk tersebut setelahdirfleksikan pada garis y = 0 reflected across the line x = 0.
‘ A . . . .
k(=40 - % Determine the coordinates of that point after being

reflected across the liney = 0
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3. Perhatikan gambar berikut!

English version:

w w 3. Observe the following image!
Mo +«» Describe the transformation that changes the motif in

T e e

quadrant B into the motif in quadrant C.
w w Answer:

Two times reflection

Mot rc . Mot «u
@ Deskripsikan transformas| yang mengubah motif di kuadran B menjadi motif

Reflersi dua kali
Moti & —'i‘i’—‘b Mot D SEIBY """“ (Motie C

4. Mengapa menurutmu refleks! penting dalam menciptakan motif Songket? En g lish version:
Rt ety wshe woncptn 0l yarg cieins & 4. Observe the following image!
wm% % Why do you think reflection is important in creating
Songket motifs?
Answer:
5. Bayangkan kamu adalah seorang desainer Songket. Buatlah sketsa motif Songket yang Reflection is important to create a Symmetrical and
menggunakan refleks! terhadap garis vertikal. Setelah kamu membuat motif Songketmu,
Jelaskan bagaimana kamu membuktikan bahwa motif tersebut memang menggunakan balanced patte m.

reflekst. Apa safa yang kamu ukur atau perhatikan untuk membuktikannya?

5. Imagine you are a Songket designer. Sketch a Songket

' ' motif that uses reflection across a vertical line. After you
] create your Songket motif, explain how you would prove
3 f that the motif indeed uses reflection. What would you
nbh measure or observe to prove it?
Mesup beap S0 e -hte Rawai ke da Answer:

Prove:
Showing the distance of the points.

Figure 7. Student’s answer on Activity Il

The students’ responses in Activity 2 further illustrate their engagement with the learning design
and their ability to apply reflection properties in a more formal geometric context. In Question 1, where
students were asked to identify parts of the Songket motif that could be considered as reflections or
“shadows,” most students demonstrated Epistemic Rationality by identifying the symmetrical parts of
the motif. Their understanding of reflection as a geometric transformation was clear, as they recognized
the correspondence between the original and reflected parts of the motif. However, the accuracy of their
identifications varied, with some students struggling to articulate why these parts were reflections, thus
indicating a need for more support in making explicit connections between visual patterns and formal
geometric reasoning.

In Question 2, students were tasked with drawing the reflection of the motif on a coordinate grid.
This exercise engaged students in Epistemic Rationality, requiring them to translate visual
understanding into formal geometric terms. Most students were able to correctly place the reflected
motif, demonstrating their ability to apply basic principles of reflection within the coordinate system.
However, some students had difficulty translating the visual symmetry of the motif into precise
geometric placements on the grid, revealing gaps in their understanding of how geometric

transformations are represented algebraically.
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Question 3 required students to confirm the coordinates of reflected points, which reinforced the
focus on Epistemic Rationality through calculations. High- and moderate-ability students applied their
knowledge of reflection to verify that points reflected across the axis retained their equidistant property,
demonstrating their ability to prove geometric properties through formal calculation. Low-ability
students, on the other hand, found this task more challenging, struggling to perform the necessary
calculations to confirm the properties of reflection. This underlines the importance of providing
additional scaffolding to support students’ computational skills in geometric transformations.

In Question 4, the task of pairing reflected points based on their coordinates reinforced students’
understanding of Epistemic Rationality by requiring them to connect abstract mathematical concepts
with tangible geometric figures. The majority of students successfully identified pairs of reflected
points, reinforcing their understanding of reflection as a distance-preserving transformation. However,
a small group of students showed difficulty in accurately determining the pairs, suggesting that the
transition from visual understanding to formal calculations needs further refinement.

Overall, the learning design in Activity 2 supported students’ development of formal reasoning
in geometric transformations by engaging them with both visual and algebraic components of reflection.
While high- and moderate-ability students effectively demonstrated epistemic rationality by correctly
identifying and calculating reflected points, lower-ability students required additional support to grasp
the formal properties of reflection fully. The structured tasks, which integrated hands-on practice with
coordinate geometry and reflection properties, provided a scaffold for both high and low-ability students

to engage in the proving process and enhance their communication of mathematical reasoning.

Retrospective Analysis

The retrospective analysis in this study involved a critical examination of the entire research
process, focusing on the impact on students’ proving process in reflection learning. This phase was
crucial for consolidating our findings, identifying areas of strength and weakness, and generating
insights for future research and pedagogical practice. The integration of South Sumatera’s Songket
motifs as context proved to be a powerful catalyst for engaging students with the abstract concepts of
geometric reflection. The study revealed that the use of these motifs facilitated students’ transition from
visual pattern recognition to the development of formal mathematical reasoning.

However, the retrospective analysis also highlighted some areas where the learning trajectory
could be further refined. While Activity | introduced the basic concepts of reflection through visual
exploration, Activity I1, which transitioned to a more formal coordinate geometry approach, presented
some challenges for students. Some students struggled with making connections between the visual and
algebraic representations of reflection, indicating a need for more explicit scaffolding to support this
transition.

The Design Research framework proved effective in allowing for iterative refinement of the
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learning trajectory. The cyclical nature of the research design, with its emphasis on preliminary design,
design experiments, and retrospective analysis, allowed us to address emerging challenges and optimize
the learning activities systematically. The pilot experiment, in particular, was instrumental in
identifying key areas for improvement, leading to a more robust and effective classroom experiment.
Furthermore, the study demonstrates the use of Habermas’ Construct of Rationality as a theoretical
framework for designing learning activities that promote not only conceptual understanding but also
support students’ proving abilities and communicative competence.

This study demonstrates how integrating culturally relevant materials, such as South Sumatera’s
Songket motifs, within the PMRI framework enhances students’ understanding of reflection
transformations in geometry. The findings show that by connecting abstract mathematical concepts with
familiar cultural artifacts, students are better able to bridge the gap between visual perception and
mathematical reasoning. This aligns with the core principles of PMRI, which emphasize the use of
realistic contexts to make mathematics more meaningful and accessible to students (e.g., Nurazizah &
Zulkardi, 2022). The designed learning trajectory, guided by Habermas’ construct of rationality,
supports the development of Epistemic Rationality as students explored symmetry in the Songket motifs
and connected their observations to geometric principles of reflection. This approach addresses
common difficulties students face in understanding geometric transformations, such as misconceptions
about congruence and symmetry, by fostering a deeper conceptual understanding of how reflection
preserves shape and size. Previous research (e.g., Gotz & Gasteiger, 2018) has highlighted that students
often confuse similarity with congruence and fail to recognize reflection as a congruence-preserving
transformation. By contextualizing these geometric properties within the culturally familiar Songket
motifs, this study provided students with an intuitive and accessible entry point to these concepts,
thereby enhancing their conceptual understanding.

In Activity I, students not only engaged with visual patterns but also critically analyzed and
articulated the properties of reflection, which helped them transition from intuitive understanding to
formal reasoning. This was reinforced in Activity Il, where students applied these principles in a more
structured mathematical context using Cartesian coordinates. The transition from the concrete analysis
of visual symmetry in Activity | to the formal use of coordinate geometry in Activity 11 exemplifies the
progression from Epistemic Rationality to Teleological Rationality, as students tested their hypotheses
and justified their reflections using mathematical principles. This aligns with the work of Williford
(1972), who emphasized the importance of well-structured learning trajectories in fostering the
development of mathematical reasoning. By progressing from informal visual exploration to formal
algebraic justification, students experienced a natural progression in their understanding, reinforcing
the design’s effectiveness in facilitating conceptual development.

The incorporation of Communicative Rationality through group discussions and peer
collaboration in both activities allowed students to articulate and refine their understanding. These

collaborative discussions are crucial in strengthening students’ reasoning and justification skills, which
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is consistent with VVygotskian sociocultural learning theories that highlight the role of social interaction
in knowledge construction (Uygun & Akyuz, 2019). By engaging in peer dialogue, students not only
solidified their understanding of reflection but also developed their ability to communicate
mathematical concepts clearly and effectively. This collaborative aspect is essential in helping students
move from individual, intuitive understanding to shared, formalized reasoning.

The iterative nature of the design research methodology, as outlined by Bakker (2018), played a
pivotal role in optimizing the learning trajectory. The design was refined based on student feedback and
classroom observations, which led to improved learning outcomes and a more effective learning
experience. This iterative process demonstrates the value of dynamic, responsive teaching strategies
that can be adapted to meet student's needs and challenges better.

Moreover, integrating cultural elements into the mathematics curriculum not only supported
students’ understanding of geometric concepts but also aligned with ethnomathematical perspectives
that emphasize the importance of cultural relevance in mathematics education (Leonard & Guha, 2002;
Sari et al.,, 2024). The use of South Sumatera’s Songket motifs allowed students to engage with
mathematical principles in a context that was both culturally significant and geometrically rich,
enhancing their motivation and interest in learning.

Finally, this study underscores the importance of addressing the ontogenic, epistemological, and
didactical obstacles that students face in learning geometric transformations. The culturally
contextualized pathway provided by this learning design helped students navigate these challenges, as
evidenced by their increased ability to understand and prove the properties of reflection transformations.
Research indicates that addressing these obstacles is critical for effective mathematics education, as
they can significantly hinder students’ conceptual understanding (Pauji et al., 2023). By offering a
comprehensive, culturally grounded approach, this study contributes to the broader effort to reform
mathematics education, advocating for contextually enriched, conceptually grounded teaching practices

that promote deeper understanding and higher-level reasoning skills.

CONCLUSION

This study demonstrates the potential of integrating South Sumatera’s Songket motifs within the
PMRI framework to support their proving processes in reflection material. Employing the Design
Research methodology, which includes iterative cycles of preparation, design experiments, and
retrospective analysis, the study aimed to develop learning activities that align with Habermas’
Construct of Rationality. The designed activities facilitated students’ engagement with geometric
reflections, guiding them from visual observations of symmetry in Songket motifs to formal
mathematical reasoning and proof construction. The results from the design experiments indicate that
the activities effectively supported students’ ability to prove key geometric properties of reflection

transformations, particularly in understanding how reflection preserves congruence and orientation.
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However, the stages of students’ abilities to understand or prove geometric reflection in detail were not
fully demonstrated, as the students’ answers to each designed activity are not presented in this study.
This indicates that further investigation into students’ reasoning stages across different abilities is
needed to clarify how these students engage with the proving process in reflection learning.

While the learning activities significantly promoted Epistemic Rationality by fostering conceptual
understanding, Teleological Rationality by motivating students to understand the purpose of
transformations, and Communicative Rationality through the collaborative justification of reflections,
the study also identified areas where lower-ability students struggled. These difficulties suggest that
more scaffolding is necessary to support students in their transition from visual intuition to formal
mathematical reasoning, particularly in computational aspects and justification of reflection properties.
This study contributes to the broader discussion on culturally contextualized mathematics education,
emphasizing the importance of using cultural artifacts to enrich students’ understanding and reasoning.
It also highlights the potential for further research in exploring how students’ conceptual understanding
develops over time, particularly in relation to the use of cultural materials in teaching geometric
transformations. Future research should aim to more explicitly detail the stages of students’ abilities,
investigate the impact of different scaffolding strategies on student learning, and further explore how
cultural contexts can enhance not only conceptual understanding but also the development of higher-

level reasoning and proving skills in mathematics education.
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